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Abstract 
 
A power flow analysis based on a substructure approach is performed to exhibit vibration transmission in a complex 

coupled beam-cylindrical shell system. The system is divided into a shell substructure and a beam substructure, which 
are coupled by three spring-dampers. The theoretical receptance function of each substructure with a free-free interface 
condition is formulated by modal analysis to describe the dynamical behavior. On the basis of the receptance functions 
of the two substructures as well as synthesis through the geometrical compatibility and force balance conditions at the 
coupling interfaces, the dynamic characteristics of the coupled system are calculated. Both the input and transmitted 
powers within the system are estimated, and the influences of the excitation locations, the stiffness and loss factor of 
the spring-dampers on the vibration transmission are investigated as well. 
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1. Introduction 

During navigation the engine and propeller will ex-
cite hull structures through the shaft and bearings. 
The induced stern vibrations and sound transmission 
are potential threats for submarines. Hence, it is im-
portant to reduce the vibration level of the stern. 

Over the past few decades, most work has been 
conducted to investigate the characteristics of the hull 
and propeller shafting system of a submarine. Ruotolo 
[1] compared various shell theories in computing the 
natural frequencies of cylinders stiffened with rings 
and stringers, where the effect of stiffeners was con-
sidered. The influence of external fluid loading on the 
dynamic response of fluid-filled cylindrical shells was 
also investigated [2, 3]. Ross [2] used the finite ele-
ment and boundary element techniques to obtain the 
natural frequencies of a submerged cylindrical shell. 

Merz et al. [4] discussed the far-field radiated sound 
pressure of a submerged cylinder through an analyti-
cal formulation. 

In addition, Wang and Daley [5] examined the ac-
tive control at the propeller shafting system and found 
that it is possible to design a controller to reduce vi-
bration levels of both the thrust block and the propel-
ler. Goodwin [6] investigated the reduction of exces-
sive vibration in the propeller shafting system by 
using a hydraulic device known as a resonance 
changer. In his study, a simple spring-mass model of 
the propeller shafting system is used and the coupling 
between the shafting system and the hull is not con-
sidered. By using the resonance changer, Dylejko [7-
8] further studied the vibration transmission in marine 
vessels, and the dynamic response of the propeller 
shafting system is exhibited, where the hull is mod-
eled as a one-dimensional rod for an initial approxi-
mation. 

Most work has investigated the submarine hull and 
the propeller shafting system. However, few re-
searches have taken into account the coupling be-
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tween them. The stern is a complicated structure, 
which consists of hulls, shaft, propeller and engine. 
To control the vibration, it is apparently insufficient to 
only investigate the characteristics of hulls and the 
shafting system, respectively. Therefore, the stern or 
the submarine is necessarily regarded as a whole sys-
tem, considering the coupling effects between hulls 
and the shafting system. 

To reduce the vibration and noise level, it is a good 
practice to isolate transmitted vibration power flows 
from the sources. Understanding the power flow from 
a vibration source to other parts of a structure, and the 
reduction of its transmission is of practical interest. 
Hence, it is necessary to quantify not only the vibra-
tion level but also the transmission of vibration en-
ergy in the structures. One way to determining vibra-
tion energy transmission is by conducting a power 
flow analysis (PFA). 

Power flow analysis is very useful for the meas-
urement of vibration energy injected or transmitted 
into structures and for controlling of noise and vibra-
tion in industries. This method can be successfully 
used for identification and ranking of transmission 
paths of vibration power flow in structures. It is not 
possible to obtain enough information by experimen-
tal modal analysis as it generally deals with the modal 
parameters such as mode shapes, loss factors and 
natural frequencies to characterize the vibration of a 
built up structure. As a result, this method can practi-
cally be used in industries for noise and vibration 
control, giving a guide to isolation of vibration 
sources as well as damping treatments to most energy 
transfer surfaces in the structures. 

The fundamental concept of power flow was pro-
posed by Noiseux [9] and Pavic [10] in the early 
1970s, aiming to develop measurement techniques of 
power flow for simple structural elements. Noiseux 
measured the vibration intensity in uniform plates and 
beams vibrating in flexure. Recently, this approach 
has been further developed and used widely to model 
complex structures [11, 12], access vibration control 
systems [13-15] and identify damage of structures 
[18-20]. Cuschieri [11] used a mobility method to 
analyze the power flow in L-plates. Lu and Wang 
[13] studied the structure-borne vibration power flow 
transmission for a steel construction parking tower. 
Xiong et al. [14] developed progressive approaches to 
PFA and applied them to a complex coupled floating 
raft vibration isolation system. In addition, the con-
cept of a power flow density vector developed by 

Xing and Price [16, 17] was further investigated. The 
magnitude and direction of the power flow density 
vector at any location of the structure were calculated 
and used to identify the damage location [18-20]. Lee 
et al. [19] calculated the diversion of energy flow near 
crack tips of a vibrating plate, showing that a crack 
can be identified by the changes of the directions of 
intensity vectors near the crack. Wong [20] studied 
the power flow and energy distribution of a vibration 
mode of a damaged plate, and found that the modal 
power flow is effective and more sensitive for dam-
age identification. 

For complex structures, finite element analysis [21-
23] (FEA) is often used to analyze the dynamic be-
havior with good accuracy in the low-frequency range. 
Jenkinseta [21] used a finite element model to dem-
onstrate the detailed dynamics of a typical raft-
isolation-receiver system using secondary force in-
puts in parallel with a passive isolation system. Qu 
and Selvam [22] developed dynamic condensation 
method to reduce the number of degrees of freedom 
of finite element models for a damped system. Xu 
[23] investigated the intensity of a rectangular plate 
with stiffeners using the finite element method. The 
finite element method can conveniently model struc-
tures with complex boundary conditions. However, in 
general, it is necessary to adopt a large number of 
modes into an analysis to ensure the convergence of 
solution. In this circumstance, FEA encounters diffi-
culties due to the required computation load. To over-
come this disadvantage, Wang et al. [24] proposed a 
substructure method to analyze the power flow, 
where the complex system is divided into many sub-
structures and the dynamic responses of the structure 
are obtained efficiently by analytical methods. 

In this paper, the submarine stern is simplified to a 
beam-cylindrical shell system. The vibration trans-
mission in the system is investigated by using the 
power flow analysis. In Section 2, the theoretical 
receptance function of each substructure with a free-
free interface condition is formulated by modal analy-
sis to describe the dynamic behavior of each substruc-
ture. The input and transmission power flow formulas 
are presented in Section 3. In Section 4, influences of 
the excitation locations, stiffness and loss factor of the 
spring-dampers on the power flow transmission charac-
teristics are investigated by simulation. 
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2. Substructure approach 

As shown in Fig. 1, the submarine stern consists of 
hulls, shaft, propeller, engine and so on, and the shaft 
and hulls are coupled by three bearing links. In gen-
eral, the hulls are modeled as cylindrical shells since a 
more detailed modeling of hulls has very little effect, 
as reported by Merz et al. [4]. Hence, in this analysis, 
the stern is simplified to a beam-cylindrical shell sys-
tem. The hull and the shaft are modeled as a cylindri-
cal shell and a beam, respectively. They are coupled 
by three spring-dampers, standing for the bearing 
links between the hull and the shaft. The coupled 
system is excited at the two ends of the beam to simu-
late the exciting forces of the propeller and the engine,  

 

 
 
Fig. 1. Schematic illustration of a submarine stern. 

respectively. The beam-cylindrical shell system is 
illustrated in Fig. 2. By the substructure approach, the 
system can be separated into two subsystems. In this 
section, the theoretical receptance function of each 
substructure with a free-free interface condition is 
formulated by modal analysis to describe the dynamic 
behavior. 

 
2.1 Vibration of the cylindrical shell 

As shown in Figs. 2(b) and 2(c), the shaft and hull 
are treated as a single uniform beam and a uniform 
cylindrical shell, respectively. In the figure, R  is the 
radius of the cylindrical shell, h  the thickness 
and / 1h R << . u , v and w are displacements of the 
cylindrical shell in the axial, tangential and radial 
directions, respectively. xF , Fφ and rF denote the 
exciting forces in the corresponding three directions. 
Under the assumption of thin shell theory [25], the 
differential equations describing the dynamic behav-
ior are expressed as 
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Fig. 2. Schematic illustration of a beam-cylindrical shell system. (a) the system, (b) the beam, (c) the cylindrical shell. 
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where µ  and Pρ  are the Poisson ratio and density of 
the shell, respectively, Pc  the phase velocity of the 
compressional wave travelling in the elastic shell, given 
by ( ) 1/ 221P Pc E ρ µ⎡ ⎤= −⎣ ⎦ . 2 2 212h Rβ =  the ef-
fect of bending stress. 

It is assumed that the cylindrical shell is simply 
supported. Based on the modal superposition method, 
displacements u , v , w  are expressed as 
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In the same way, the forces acting on the shell can 

be written as 
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where 2j 1= − , 0,1α =  denote the symmetric and 
asymmetric vibrations in the circumferential director, 
respectively. mk m Lπ=  is the axial mode number 
depending on the boundary conditions of the cylindri-
cal shell. 

Substitution of Eqs.(2) and (3) into Eq.(1) yields 
the following matrix form of the relationship between 
{ }mn mn mnU V Wα α α and { }xmn mn rmnF F Fα α α

φ  
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PcωΩ = is the non-dimensional frequency. 

By definition 
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[ ] 0L = is the characteristic equation of the cylin-

drical shell. From Eq. (4), receptance functions of the 
shell can be derived easily. For example, when the 
shell is excited only by a normal force, the receptance 
function is 
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Based on these results, the responses of the cylindri-

cal shell represented by Eq. (2) can be determined under 
any kind of excitation. The applied forces xF , Fφ and rF  
in Eq.(1) consist of internal coupling forces. For this 
linear system, it is convenient to express the displace-
ments mnU α , mnV α  and mnW α  described by Eqs. (2) and 
(4). Therefore, the displacements of the shell at three 
coupling points are represented as follows: 
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where cS  denotes the interface receptance function 
matrix of the shell under internal coupling forces csF . 
These receptance functions, representing the displace-
ment response vectors to each unit internal coupling 
force, are determined. The internal coupling force csF  
remains unknown and needs to be determined by under-
taking a synthesis process using geometrical compatibil-
ity conditions and force balance equations at the cou-
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pling points, which is described in Sections 2.2 and 2.3. 
 

2.2 Vibration of the beam 

For a straight beam, it is assumed that the axial and 
lateral motions are uncoupled. The differential equations 
of the axial and lateral motions of the beam as shown in 
Fig. 2(b) are expressed as 
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where u , w  are displacements of the beam in the 
axial and transverse directions, respectively. xf , yf  
denote the exciting forces in the axial and transverse 
directions, respectively. l  is the length of the beam 
and ix  denote the location of paths. 

According to modal superposition theory, the re-
sponses can be written as 
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where iφ , iϕ denote the mode shapes associated with 
the axial and lateral vibration of the beam, respectively. 
Moreover, iq and ip  represent the corresponding prin-
cipal coordinates. 

The displacements of the beam under the internal 
coupling forces and external excitations have a simi-
lar matrix form, given as follows: 
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where cR , eR denote the interface receptance functions 
of the beam corresponding to the internal coupling force 

cbF  and external excitation eF , respectively. 
 

2.3 Synthesis of substructures 

The substructures are connected by spring-dampers, 
which are massless and have different constant com-
plex stiffness at the coupling points. Therefore, the 
complex stiffness matrix at any position in the global 
coordinate system can be written as 
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In this coupled system, there are three spring-
dampers. Accordingly, Eqs. (6) and (7) are extended 
into 
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The coupling conditions of the two substructures 

are described by the force balance and geometric 
compatibility. In the global coordinate system, these 
conditions at three couplings are expressed as fol-
lows: 
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where bT is the transformation matrix connecting the 
local beam coordinate system and the global coordi-
nate system. s1T , s2T and s3T  are the transformation 
matrices from the local shell coordinate systems to 
the global coordinate system, defined at three cou-
plings, respectively. 

Substituting Eqs. (8) and (9) to Eq. (10), the cou-
pling conditions become 
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Hence, the coupling forces in the global coordinate 

system are now written as 
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3. Power flow analysis 

The instantaneous mechanical power at point i is 
defined as [9-12] 
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where ( )if t is the internal force and ( )iv t  the ve-
locity at the point of interest. For vibrating structures 
the time averaged power flow is defined by 
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where the symbol  represents the temporal average. 
In the frequency domain, the time averaged power flow 
can be calculated by 
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where the symbol *  represents the complex conjugate, 
Re  represents the real part, if  and iv  are the inter-
nal force and the point velocity response, respectively, 
at a given frequency. 

Thus, the input power flow and transmitted power 
flow from the beam to the shell can be formulated as 
follows: 
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4. Numerical results 

In this section, the input power flow of external ex-
citation and transmitted power flows from the beam 

to the cylindrical shell through various paths are cal-
culated through numerical simulations. Moreover, the 
influences of the excitation locations, the stiffness and 
loss factor of the spring-dampers on the vibration 
transmission are investigated. 

To validate our work, the input and transmitted power 
flows out of the above substructure approach are first 
compared with those from the finite element analysis 
method. The parameters of the beam-cylindrical shell 
system shown in Fig. 2 are listed in Table 1. Three uni-
form spring-dampers are set between the beam and the 
cylindrical shell. The complex stiffness of the spring-
damper is only in the y direction and defined by 

( ) 2 6 2
0 y 01 i N / m =5 10 N / mK K Kη= +    ×    

The loss factor is chosen to be zero and a unit ampli-
tude excitation is applied at one end of the beam (at Path 
1). 

Fig. 3 shows the predictions of the transmitted power 
flow through Path 3 by the two methods. It is observed 
that the results derived by both the FEA and theoretical 
approach have a good agreement although there is small 
difference in the higher frequency range, which is pos-
sibly caused by adopting a small number of modes in 
the FEA approach. Therefore, the presented theoretical 

 
Table 1. Parameters of the beam-cylindrical shell system. 
 

Parameter Value 

Yong’s modulus E ( GPa ) 112.1 10×  

Poisson’s ratio µ  0.3 

Loss factor η  0.01 

Density of beam ρ ( 3Kg/m ) 7800 

Length of beam bL ( m ) 1.5 

Section area A ( 2m ) -42.5 10×  

Inertia moment I ( 2Kg m⋅ ) -76.2 10×  

Shell thickness h ( m ) 0.006 

Density of shell Pρ ( 3Kg/m ) 7800 

Radius of shell R ( m ) 0.75 

Length of shell L ( m ) 3 

 
Table 2. Main parameters of the spring-dampers. 
 

 Stiffness K  Loss factor yη  

Case 1 00.1K  

Case 2 0K  

Case 3 010K  

 
 
0 

Case 4(2) 0 

Case 5 0.01 

Case 6 

 
0K  
 0.1 
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(a) 

 

 
(b) 

 
Fig. 3. Predictions of input power and transmitted power by 
Path 3. (a) input power, (b) transmitted power. 
 
method has a good accuracy in the low to medium fre-
quency range for analysis of the beam-cylindrical shell 
system. 

Next, the influence of the excitation location on the 
vibration transmission is revealed. Figures 4(a) and 4(b) 
illustrate the time-averaged input power of an external 
force at Path 1(one end of the beam) and the transmitted 
power through the three paths from the beam to the 
shell. From Fig. 4, it can be seen that Path 1 is dominant 
in power transmission compared with the other two. 
When the external force excites at Path 3 (another end 
of the beam), the transmitted power through the three 
paths are shown in Fig. 5 (a). It can be seen that Path 3 
is dominant. In Fig. 5 (b), the input powers of both ex-
ternal forces are represented. 

From Figs. 4 and 5, it is found that the location of ex-
citation force will affect power transmission paths. The 
path near the excitation location through which the 
transmitted power is larger is dominant. Fig. 5(b) illus- 

 
(a) 

 

 
(b) 

 
Fig. 4. Predictions of transmitted power through three paths 
and input power at Path 1. (a) transmitted power, (b) input 
power. 
 
trates that the input powers are different when excitation 
is at different locations although the external forces are 
of the same magnitude. Moreover, it shows the whole 
system can receive higher input power when excited at 
the stern under the same conditions. 

The effect of the spring-dampers on power transmis-
sion paths is exhibited by using different stiffness and 
loss factor. The parameters of the spring-dampers are 
listed in Table 2 and Table 1. The external force is a unit 
harmonic point force at Path 3 in those cases. 

The effect of the stiffness of the spring-dampers on 
power transmission paths is shown in Figs. 6, 7 and 8, 
and the effect on input power in the three cases is repre-
sented in Fig. 9. From Figs. 6-8, it is found that increas-
ing the stiffness of the spring-dampers makes Path 3 
dominant in case 1 and case 2. From Fig. 9, it can be 
inferred that stiffening the spring-dampers reduces the 
input power at high frequencies. This can be interpreted 
as that the displacement of the beams is larger when the  
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(a) 

 
(b) 

 
Fig. 5. Predictions of transmitted power through three paths 
and input power at Path 3. (a) transmitted power, (b) input 
power in comparison with Fig.2(b). 

 

 
 
Fig. 6. Predictions of transmitted power through three paths 
in case 1. 

 
stiffness is softer. Accordingly, the input power be-
comes small. 

Further, the effect of the loss factor of the spring-
dampers on power transmission is investigated. The  

 
 
Fig. 7. Predictions of transmitted power through three paths 
in case 2(4). 
 

 
 
Fig. 8. Predictions of transmitted power through three paths 
in case 3. 
 

 
 
Fig. 9. Predictions of input power in three cases 1-3. 
 
results are shown in Figs. 7, 10 and 11 with predic-
tions of time-averaged transmitted power through 
three paths in cases 4, 5 and 6. The effect on input 
power is represented in Fig. 12 for the three cases. 

From Figs. 7, 10 and 11, it is observed that in case  
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Fig. 10. Predictions of transmitted power through three paths 
in case 5. 
 

 
 
Fig. 11. Predictions of transmitted power through three paths 
in case 6. 
 

 
 
Fig. 12. Predictions of input power in the cases 4, 5, 6. 

 
4 where the damping ratio is zero, Path 3 is signifi-
cant compared to other paths. In case 2 as well as case 
3, Path 3 is not significant at lower frequencies but 
dominant at higher frequencies. That is, a damper can 
change the vibration transmission path of the system. 

This result is interesting and further investigation is 
necessary for a better understanding. Nevertheless, 
we are reminded that the proper design of the spring-
damper may effectively control the vibration of the 
system. 

In Fig. 12, it can be inferred that increasing damp-
ing of the spring-damper system reduces the input 
power rapidly, and the natural frequencies remain 
unchanged when the damping factor is small. 
 

5. Conclusions 

Discussed in this paper is the vibration transmission 
of a submarine stern that is simplified into a coupled 
beam-cylindrical shell system. Structural vibration 
transmission paths have been analyzed by using the 
substructure method. The results show that vibration 
transmission is closely related to the installation loca-
tions as well as the stiffness and damping of the spring-
dampers. The total injected or transmitted power is de-
pendent on the natural frequencies of the structure. The 
path near the location of the external force is dominant. 
In addition, vibration transmission paths can be changed 
by softening or stiffening the spring-dampers. Increas-
ing damping will reduce the input power flow, although 
the transmission power may be not related to damping. 

In fact, there are many decks and stiffened plates that 
have a certain influence on vibration transmission in a 
submarine. It seems simple to simplify the submarine 
stern without taking into account the effects of the decks 
and stiffened plates. Regardless of the limitation, this 
study does suggest that an optimized de-
sign/modification or vibration control for a coupled 
beam-cylindrical system can be obtained based on the 
power flow analysis. 
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